
Chapter 2  

PROBABILITY AND RANDOM PROCESS 
Algorithm Collections 

 
 

1. INDEPENDENT COMPONENT ANALYSIS 

combination of  ‘n’ independent signals  x1(t) ,  x2(t) … xn(t) , where n>=m is 
given below.  
 
y1(t) = a11 x1(t) + a12 x2(t) + a13 x3(t) + …a1nxn(t) 
y2(t) = a21 x1(t) + a22 x2(t) + a23 x3(t) + …a2nxn (t) 
y3(t) = a31 x1(t) + a32 x2(t) + a33 x3(t) + …a3nxn(t) 
y4(t) = a41 x1(t) + a42 x2(t) + a43 x3(t) + …a4nxn(t) 
… 
ym(t) = am1 x1(t) + am2 x2(t) + am3 x3(t) + …amnxn(t) 
 

Independent signals are obtained from the mixed signals using 
Independent Component Analysis (ICA) algorithm as described below 

1.1 ICA for Two Mixed Signals 

The samples of the signals x1(t) and x2(t) are represented in the  vector 
form as x1=[x11 x12 x13 …x1n] and x2=[x21 x 22 x23 … x2n] respectively. The 
signals y1(t)=a11*x1(t)+a12*x2(t) and y2(t)=a21*x1(t)+a22*x2(t) are represented 
in the vector form as y1=[y11 y12 y13 …y1n] and y2=[y21  y22 y23 … y2n] 

Consider ‘m’ mixed signals y1(t), y2(t)…ym(t) obtained from the linear 

53



54 Chapter 2
 
respectively. Thus the ICA problem can be represented in the form of matrix 
as described below. 

 
                                

                                
         y11  y21                                                          x11  x21                      
         y12  y22                                                          x12  x22 
         y13  y23                                                          x13  x23                    
         y14  y24                                                          x14  x24                                  a11       a21   
         y15  y25                                                          x15  x25                                    
         y16  y26           =                                           x16  x26                                  a12      a22 

                      . 

                      . 

                      . 
 
         y1n  y2n                                                          x1n  x2n        

 

 

 
       [Y]T              =                                [X]T                             [A]T 
 

Given the matrix [Y], obtaining the matrices [X] and [A] such that the 
columns of the matrix [X]T are independent to each other is the ICA problem. 

 

Consider three independent signals and the corresponding mixed signals 
along with the kurtosis values are displayed below. 
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Kurtosis is the statistical parameter used to measure the Gaussian nature 
of the signal. Kurtosis is inversely proportional to the Gaussianity of the 
signal. Note that the kurtosis values are maximum for independent signals 
compared to the mixed signals. (i.e.) Independent signals are more non-
Gaussian compared with mixed signals. Mathematically kurtosis is 
computed using the formula as displayed below, where E[X] is the 
expectation of the vector X 
 
 
 

ICA problem is to obtain the matrices [X] and [A] such that column 
vectors of the matrix [X]T are independent to each other. (i.e.) Kurtosis 
values computed for the column vectors are maximum. 

 [Y] T = [X] T [A]T 

( i.e.) [Y] = [A] [X] 

[X] = [A]-1  [Y] 

[X]=[B][Y] 

X1 and X2 are the two column vectors of the matrix [X]T  

(i.e.)  [X]T = [X1 X2] 

Kurtosis measured for the Column vector [X1] is given as 

E [X14]-3{E [X12]} 2 

Similarly kurtosis measured for the column vector [X2] is given as 

E [X24]-3{E [X22]} 2 
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Estimating the best values for the matrix [B] such that kurtosis measured 
for the column vectors of the matrix [X]T = [[B][Y]]T as defined above is 
maximum 

We require another constraint about the matrix [B] to obtain the values of 
the matrix [B] which is described below 

The covariance matrix (COV(Y)) computed for the group of vectors 
collected row-by-row of the matrix YT is  computed using the formula as 
displayed below 

Let M  =     (y11 + y12 +y13+…y1n) / n 

                    (y21 + y22 +y23+…y2n) / n 

COV(Y) = 

 y11          y11  y21          +   y12       y12  y22         + …  y1n            y1n  y2 n     /n   -  MMT
     

      y21                                       y22                                                    y2n 

 

(i.e) COV(Y) = E[YYT] - MMT
     

 
The matrix computed is of size 2x2. The value at the position (1,1) 

conveys the information about how the first elements of the collected vectors 
are correlated with itself (variance). The value at the position (1,2) conveys 
the information about how the first elements are correlated with second 
elements of the collected vectors. 

For example the covariance matrix computed for 2D vectors collected 
from the particular independent signals and the corresponding mixed signals 
are given below. 

COVindependent =   
0.2641 x 10-006      -0.1086 x 10-006

 

                     
-0.1086 x 10-006      0.5908 x 10-006

 

COVmixed  =   0.1086    0.0613 

                0.0613    0.0512  

Chapter 2
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To compare the covariance matrix, correlation coefficient is used. It is the 
normalized covariance matrix whose (m, n) element is computed as
COV( m, n) / (sqrt(COV(m,m)*COV(n,n)) 

The correlation co-efficient for the above covariance matrix (COV) is given 
below 

CORRindependent =     1            -0.2750 
                               -0.2750    1 

     CORRmixed =   1     0.822 

                       0.822      1 
 

Note that cross correlation value is less for independent signals compared to 
the mixed signals. This fact is used as the source for second constraint. (i.e.) 
the correlation coefficients matrix of the independent signals is almost 
identity matrix. Also if the variances of the signals are unity the covariance 
matrix and the correlation co-effients are identical. 

The mean and variance of the mixed signals are made 0 and 1 respectively 
so that the mean and variance of the row vectors of the matrix [Y] are 0 and 
1 respectively. [Refer Mean and variance Normalization Section 4 of 
Chapter 2]  

The matrix [Y] can be transformed into another matrix [Z] such that the 
covariance matrix computed for the 2D vectors collected from the matrix [Z] 
as described above is almost unit vector (diagonal) using KLT (Refer 
Hotelling transformation). (i.e.) E[[Z][Z]T]=[I] 

Let us define the transformation matrix [T], which transforms the matrix 
[Y] into [Z] as described below. 

[Z]=[T][Y] implies 

[Y]=[T]-1 [Z] implies 

[Y]=[U] [Z] 

Also, [X]=[B][Y] 
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[X]=[B][U][Z] 

[B][U][Z]=[X] 

[B][U][B][B]-1[Z]=[X] 

[A][Z]={[B][U][B]}-1 [X]    

Note that A=[B]-1 

Column vectors of the transformation matrix [U] are orthonormal to 
each other. (ie) [U] T  =  [U]-1 

If E [XXT] = [I] (Identity Matrix) 
((i.e.) Covariance matrix of the Independent signals with mean zero and 

variance one is Identity matrix ) 

Computing Covariance Matrix of the RHS of the equation 

[A][Z]={[B][U][B]}-1 [X] 

E [({[B][U][B]}-1 [X])  ({[B][U][B]}-1 [X])T] 

= E [({[B][U][B]}-1) [X] [X]T ({[B][U][B]}-1)T ] 

= ({[B][U][B]}-1) E [XXT] ({[B][U][B]}-1)T 

= ({[B][U][B]}-1) ({[B][U][B]}-1)T 

= ([B]-1[U]-1[B]-1) ( [B]-1[U]-1[B]-1)T 

=[B]-1[U]-1[B]-1 [B-1]T[U-1] T[B-1]T 

Chapter 2
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If the columns of the B matrix is orthonormal to each other  

( i.e.)  [B]-1 = [B]T 

[B]-1[U]-1[B]-1 [B-1]T[U-1] T[B-1]T 

=[B]-1[U]-1[U-1] T[B-1]T 

= [B]-1[B-1]T (Because [U]T=[U]-1) 

=[B]-1[B] 

= [I] (Identity Matrix ) 

Computing Covariance Matrix of the LHS of the equation 

[A][Z]={[B][U][B]}-1 [X] 

E (([A][Z]) ([A][Z])T) 

=AE[ZZT]AT 

= [A][I][A]T 

= [B]-1[B-1]T 

= [I] 

(Because [B]-1=[B]T is assumed ) 

Thus Covariance matrix of the LHS and RHS are Identity matrix if 

• E[XXT] is the Identity matrix  (Assumed) 
• E[ZZT] is the Identity matrix (Property) 

• [B]-1= [B]T   (Assumed) 
• [U]-1=[U]T (Property) 

  



60 
 

 

In other words, If the Columns of the matrix [B] are orthonormal to each 
other (i.e) [B]-1 = [B]T ,  then E[XXT]=[I] (i.e) Covariance Matrix of the 
independent signals is the Identity Matrix.(Required). 

[A][Z]={[B][U][B]}-1 [X]    

When [A] is estimated such that covariance matrix of the LHS and RHS are 
Identity Matrix, [A][Z]=[X] (ie) {[B][U][B]}-1 becomes the Identity matrix. 
 

Thus ICA Problem is the optimization problem as mentioned below. 
 
Given the matrix [Y], estimating the best values for the matrix [B] such 

that kurtosis measured for the row vectors of the matrix [X] = 
[A][Z]=[BT][Z] is maximum. 

Subject to the constraint BTB=[I] (i.e) column vectors of the matrix B is 
orthonormal to each other. 

 
Let [B] =   b11   b12 
                  b21   b22 
 
 
Z =    z11  z12    z13 … z1n 
 
          z21  z22  z23 … z2n 

 

[B]T[Z] =   b11   b21               z11  z12    z13 … z1n  
                  b12   b22               z21  z22  z23 … z2n 
         

  =  b11z11+b21z21   b11z12+b21z22  … b11z1n+b21z2n 

      b12z11+b22z21   b12z12+b22z22  … b12z1n+b22z2n 

Kurtosis of the first row  = E[(b11z1i+b21z2i )4] – 3 {E[(b11z1i+b21z2i )2]}2 

Kurtosis of the second row= E[(b12z1i+b22z2i )4] – 3 {E[(b12z1i+b22z2i )2]}2 

Chapter 2
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Constraint [B]T[B]=[I ] 

(i.e ) b11 b11+b21 b21 =1 
         b12 b12+b22 b22 =1 

Thus Iterative approach to estimate the best values for B matrix using 
Lagrange’s method is described below. 

Partial differentiating the function   

E[(b11z1i+b21z2i )4] – 3 {E[(b11z1i+b21z2i )2]}2     +λ (b11 b11+b21 b21 –1) 

with respect to the unknown constants b11, b 21 and equate to zero. 

With respect to b11 

E[4(b11z1i+b21z2i )3  z1i ]-3 *2{E[(b11z1i+b21z2i )2]}E[2(b11z1i+b21z2i ) z1i] 

+λ*2*b11 =0 

E[(b11z1i+b21z2i )2] is the variance of the independent signal. This can be 
assumed to be  1. 

Also E (z1i z1i) is the variance of the first mixed signal and hence it is 1. E 
(z1i z2i) is the covariance between the two mixed signals and the value is 
zero.  

Therefore the above equation becomes 

4*E[(b11z1i+b21z2i )3  z1i ]-6*2 *b11+λ*2*b11 =0 

Let the Lagrange multiplier λ be (-2). [For More Details Refer 
Estimation Techniques] 

Thus Iteration equation becomes 

b11(t+1) = E[(b11 (t)z1i+b21(t)  z2i )3  z1i ]-3*b11 (t) 

b11(t) is the value for b11 in tth iteration 

b11(t+1) is the value for b11 in (t+1)th iteration 

Similarly iteration equation for other elements of the matrix B are 
computed and are displayed below 



62 
 

 

b11(t+1) = E[(b11 (t)z1i+b21(t)  z2i )3  z1i ]-3*b11 (t) 

b21(t+1) = E[(b11 (t)z1i+b21(t)  z2i )3  z2i ]-3*b21 (t) 

b12(t+1) = E[(b12 (t)z1i+b22(t)  z2i )3  z1i ]-3*b12 (t) 

b22(t+1) = E[(b12 (t)z1i+b22(t)  z2i )3  z2i ]-3*b22 (t) 

Recall that the columns of the matrix B are made orthonormal to each 
other. This can be explicitly performed in every iteration, after updating the 
values using the equation given above. 

1.1.1 ICA  algorithm 

 

 

 

Chapter 2

Step 1:  Given mixed signals y1(t) and y2(t)  are converted into z1(t) and 
z2(t) using Hotellilng transformation such that the covariance matrix 
computed using the converted signals z1(t) and z2(t) is the identity 
matrix.[Use Hotelling Transformation] 

Step 2: Initialize the values for the matrix B such that BTB=[I] 

Step 3: Update the elements of the matrix B using the Iteration formula  
displayed above. 

Step 4: Columns of the matrix B is made orthonormal to each other as 
mentioned below. 

  B = B * real(inv(B' *B)^(1/2)); 

Step 5: Repeat step 3 and step 4 for ‘N’ Iteration. 

Step 6: Independent signals are obtained by multiplying BT with the Z 
matrix 
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Example: Independent signals x1 (t) and x2 (t) are mixed to get the 
signals y1 (t)=0.3*x1 (t)+0.7*x2 (t), y2 (t)=0.7*x1 (t)+0.3*x2 (t) as shown 
in the figure given below 
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Using ICA independent signals are obtained in two stages with 
decorrelated signals z1(t) and z2(t) in the first stage and the Independent 
estimated signals x1(t) and x2(t) in the second stage as displayed below. 
Number of Iterations (N) used is 10000. 

 

 

Chapter 2
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1.2 M-file for Independent Component Analysis 
___________________________________________________________ 
icagv.m 
 
%ICA WITH THREE COMPONENTS 
 
close all 
clear all 
i=0:1/10:1000; 
a=sin(0.1*pi*i); 
a=a(1:1:10000); 
a=meanvarnorm(a,0,1) 
b=randn(1,10000); 
b=meanvarnorm(b,0,1); 
i=0:1/10:1000; 
c=exp(0.001*pi*i); 
c=meanvarnorm(c,0,1); 
c=c(1:1:10000); 
s1=0.9*a+0.6*b+0.6*c; 
s1=meanvarnorm(s1,0,1); 
s2=0.6*a+0.9*b+0.6*c; 
s2=meanvarnorm(s2,0,1); 
s3=0.6*a+0.6*b+0.9*c; 
s3=meanvarnorm(s3,0,1); 
figure 
subplot(3,1,1) 
plot(a); 
subplot(3,1,2) 
plot(b); 
subplot(3,1,3) 
plot(c); 
figure 
subplot(3,1,1) 
plot(s1); 
subplot(3,1,2) 
plot(s2); 
subplot(3,1,3) 
plot(s3); 
%ICA START 
data1=[s1;s2;s3]; 
MEANMAT=repmat(mean(data1')',1,length(data1)); 
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c1=cov(data1'); 
[T1,E1]=eig(c1); 
data2=T1'*(data1-MEANMAT); 
%data2=T1*(data1); 
c2=cov(data2'); 
[T2,E2]=eig(c2); 
data=E2^(-1/2)*data2; 
T=E2^(-1/2)*T1; 
c=cov(data'); 
figure 
subplot(3,1,1) 
plot(data(1,:)); 
subplot(3,1,2) 
plot(data(2,:)); 
subplot(3,1,3) 
plot(data(3,:)); 
%ICA STARTS 
w11=rand(1); 
w12=rand(1); 
w13=rand(1); 
w21=rand(1); 
w22=rand(1); 
w23=rand(1); 
w31=rand(1); 
w32=rand(1); 
w33=rand(1); 
W1=[w11 w21 w23]'; 
W2=[w12 w22 w32]'; 
W3=[w13 w23 w33]'; 
W=[W1 W2 W3]'; 
W = W * real(inv(W' * W)^(1/2)); 
w11=W(1,1); 
w12=W(1,2); 
w13=W(1,3); 
w21=W(2,1); 
w22=W(2,2); 
w23=W(2,3); 
w31=W(3,1); 
w32=W(3,2); 
w33=W(3,3); 
for i=1:1:40000 
    w11=sum(((w11*data(1,:)+w21*data(2,:)+w31*data(3,:)).^3).*data(1,:))/length(data); 

Chapter 2
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    w21=sum(((w11*data(1,:)+w21*data(2,:)+w31*data(3,:)).^3).*data(2,:))/length(data); 
    w31=sum(((w11*data(1,:)+w21*data(2,:)+w31*data(3,:)).^3).*data(3,:))/length(data); 
    w12=sum(((w12*data(1,:)+w22*data(2,:)+w32*data(3,:)).^3).*data(1,:))/length(data); 
    w22=sum(((w12*data(1,:)+w22*data(2,:)+w32*data(3,:)).^3).*data(2,:))/length(data); 
    w32=sum(((w12*data(1,:)+w22*data(2,:)+w32*data(3,:)).^3).*data(3,:))/length(data); 
     w13=sum(((w13*data(1,:)+w23*data(2,:)+w33*data(3,:)).^3).*data(1,:))/length(data); 
    w23=sum(((w13*data(1,:)+w23*data(2,:)+w33*data(3,:)).^3).*data(2,:))/length(data); 
    w33=sum(((w13*data(1,:)+w23*data(2,:)+w33*data(3,:)).^3).*data(3,:))/length(data); 
    w11=w11-3*w11; 
    w12=w12-3*w12; 
    w13=w13-3*w13; 
    w21=w21-3*w21; 
    w22=w22-3*w22; 
    w23=w23-3*w23; 
    w31=w31-3*w31; 
    w32=w32-3*w32; 
    w33=w33-3*w33; 
W1=[w11 w21 w23]'; 
W2=[w12 w22 w32]'; 
W3=[w13 w23 w33]'; 
W=[W1 W2 W3]'; 
W = W * real(inv(W' *W)^(1/2)); 
w11=W(1,1); 
w12=W(1,2); 
w13=W(1,3); 
w21=W(2,1); 
w22=W(2,2); 
w23=W(2,3); 
w31=W(3,1); 
w32=W(3,2); 
w33=W(3,3); 
W*W'; 
end 
W=[w11 w12 w13;w21 w22 w23;w31 w32 w33]; 
y=W'*data; 
figure 
subplot(3,1,1) 
plot(y(1,:)); 
subplot(3,1,2) 
plot(y(2,:)); 
subplot(3,1,3) 
plot(y(3,:)); 
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2. GAUSSIAN MIXTURE MODEL 

Let us consider the data collected from the certain group of people about 
their age and height are represented in two-dimensional vectors. Let the first 
element of the vector be the age and the second element is the height of the 
corresponding person, as described below. P1 = [a1 h1], P2 = [a2 h2] ... Pm = 
[am hm]. Now let us define the problem for classifying the collected group of 
vectors into ‘n’ category called as ‘n’ clusters, such that the centroids of the 
clusters are away from each other and the data belonging to the same cluster 
are nearer to each other as shown in the figure. The dots in the Figure 2-1 
belong to the centroid of the individual clusters. The problem defined is 
called clustering the data, otherwise called as grouping the data. 

Let us model the probability of the particular vector ‘x’ from the 
collected data as the Linear combination of Multi Variate Gaussian density 
function. 

(ie) p(x) = p(c1) * Gaussian density function of ‘x’  with mean vector 
‘m1’ and covariance matrix ‘cov1’ + p(c2) * Gaussian density function of ‘x’ 
with mean vector ‘m2’ and covariance matrix ‘cov2’ + … p(cn) * Gaussian 
density function of ‘x’ with mean vector ‘mn’ and covariance matrix ‘covn’ 
where p(cn) is the probability of the clustern n. 

 
The model described above is called as Gaussian Mixture Model. Given 

such that the probability of the collected data is maximized is the task to be 
performed for modeling. As the collected data are independent to each other, 
the probability of the collected data (p) is represented as the product of p(x1), 
p(x2)…p(xm) (ie) PD=p(x1) p(x2)…p(xm) 
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(ie) p(x)  =  p(c1) p(x/c1)  +  p(c2) p(x/c2) + p(c3 )  p(x/c3) +. . . p(cn)  

p(x/cn) 

the data (x1, x2, x3, x4… xm ) , obtaining the mean vectors m1, m2, … and the 
covariance matrices c1, c2, … and the probability of clusters p(c1), p(c2)… 
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Figure 2-1.  Clustering Example with Four Clusters 

Estimating the best values for mean vectors and covariance matrices such 
that the probability PD is maximized is described below. 

 
m1=    [(p(c1/x1)*(x1) + p(c1/x2)*(x2)+ p(c1/x3)*(x3)+…… p(c1/xm)*xm)] 

   ______________________________________________________                                         
                          p(c1/x1)+ p(c1/x2)+ p(c1/x3)+…… p(c1/xm) 
 
where p (c1/x1) is computed as [p(x1/c1) * p (c1)] / [p(x1)] 
 
Note that p(x1/c1) is the probability of ‘x1’ computed using Gaussian 

density function of ‘x’ with mean ‘m1’ and covariance ‘cov1’. Also p(x1) = 
p(c1) p(x1/c1) + p (c2) p(x1/c2) + p(c3 )  p(x1/c3)  +  . . . p(cn)  p(x1/cn) 

 

Maximization is obtained by differentiating PD = PD=p(x1) p(x2)…p(xm) 
with respect to the unknown parameters m1, m2, m3, … mn, cov1, cov2, 
cov3…covn and equate to zero. Solving the above set of obtained equations 
gives the best estimate of the unknown parameters, which are listed below 
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The requirement is to estimate the best value for m1.But for computing 
the best value requires p(c1/x1), which in further requires p(x1/c1) as discussed 
above. p(x1/c1) requires m1 for computation. [Surprise!]. 

To proceed further, an iteration approach called as Expected – 
Maximization algorithm is used to estimate the best value for m1 as 
described below. 

2.1 Expectation-maximization Algorithm 

Chapter 2

 

1. Initialize the mean vectors randomly m1, m2, m3,… mn 

2. Find the Euclidean distance between the x1 vector and the mean vectors 
m1 m2 …mn are computed as ‘d1’, ‘d2’, … ‘dn’ respectively.  If the 
distance d2 is smaller among all, the x1 vector is treated as the vector 
belongs to the 2nd cluster. In general if the dk is smallest among all, x1 

vector belongs to the kth cluster. Thus cluster index assigned to the vector 
x1 is ‘k’. Similarly cluster index is obtained for the entire data vector. 

3. Let the number of data belongs to the first cluster be ‘k’. (ie) Number of 
data vectors having cluster index 1 is ‘k.  Then p (c1) = probability of the 
cluster 1 is computed as  
                                
                                        p (c1) =          k1 
                                                  ________________    
                                                 Total Number of data 
     and p(c2) is computed as 
                                        p (c2) =          k2 
                                                  ________________    
                                                 Total Number of data 
     and so on 
 

4. Covariance matrix of the cluster 1 is computed as cov1 = E ([X-μX]  
[X-μX

T]) = E (XXT)-μXμX
T. For instance, let us consider the vectors x1, x3, 

x7, and x9 arranged in the column format, belongs to cluster1 and the 
corresponding covariance matrix is computed as follows.    
 

                                                 μX = [x1 + x3 + x7 +x9 ]/4. 
   
                                             E (XXT) = [x1 x1

T + x2 x2
T + x3 x3

T + x4 x4
T]/4 

 
Thus cov1 is computed as E (XXT) - μXμX

T. 
 

5. Similarly, the covariance matrices cov2, cov3, cov4 … covn  are computed. 
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2.1.1 Expectation Stage 

Using the above initialized values,  

            [ p (c1/x1), p (c1/x2) p (c1/x3)… p (c1/xm) 
              p (c2/x1), p (c2/x2) p (c2/x3)… p (c2/xm) 
              p (c3/x1), p (c3/x2) p (c3/x3)… p (c3/xm) 
              p (c4/x1), p (c4/x2) p (c4/x3)… p (c4/xm) 
              …   
              p (cn/x1), p (cn/x2) p (cn/x3)… p (cn/xm)] 
are computed. This is called Expectation stage of the E-M algorithm. 

2.1.2 Maximization stage 

Maximization stage of the E-M algorithm belongs to maximizing the  
probability  PD. That is obtained by differentiating the probability PD with 
respect to unknown parameter and equating them to zero. Solving the set of 
obtained equations gives the best estimate of unknown parameters which are 
listed below. 

 
               [(p(c1/x1)*(x1) + p(c1/x2)*(x2)+ p(c1/x3)*(x3)+…… p(c1/xm)*xm)] 
  m1= ____________________________________________________ 
                                p(c1/x1)+ p(c1/x2)+ p(c1/x3)+…… p(c1/xn) 
  
 
              [(p(c1/x1)*(x1) + p(c1/x2)*(x2)+ p(c1/x3)*(x3)+…… p(c1/xm)*xm)] 
  m2= ____________________________________________________ 
                                 p(c1/x1)+ p(c1/x2)+ p(c1/x3)+…… p(c1/xn) 
 
             [(p(c1/x1)*(x1) + p(c1/x2)*(x2)+ p(c1/x3)*(x3)+…… p(c1/xm)*xm)] 
 m3= ____________________________________________________ 
                                 p(c1/x1)+ p(c1/x2)+ p(c1/x3)+…… p(c1/xn) 
 
 
              [(p(c1/x1)*(x1) + p(c1/x2)*(x2)+ p(c1/x3)*(x3)+…… p(c1/xm)*xm)] 
 m4= ____________________________________________________ 
                                p(c1/x1)+ p(c1/x2)+ p(c1/x3)+…… p(c1/xn) 
 
 
                   [(p(cn/x1)*( [x1-μX1] [x1-μX1]T) + …… p(cn/xm)* ( [xm-μXm] [xm-μXm]T)] 
covn=        ____________________________________________________________ 
                                     p(cn/x1)+ p(cn/x2)+ p(cn/x3)+…… p(cn/xm) 
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The computed values are the current best estimates of means and 
covariance matrices. Using this Expectation stage is executed, followed by 
Maximization stage. Thus Expectation stage and Maximization stage is 
repeated for N iterations and hence best estimate of the means and 
covariance matrices are obtained using E-M algorithm. 

Using the estimated means   p(c1), p(c2), p(c3)…p(cn) are obtained and 
hence the Gaussian Mixture Model of the collected is obtained. 

2.2 Example 

Two dimensional vectors are randomly generated and the Gaussian 
Mixture Model of the generated data is obtained using the algorithm 
described above is displayed below. 

About 350 vectors are randomly generated. Among which 100 vectors 
are with mean [0.9 0.8], 100 vectors are with mean [0.7 0.6] and 150 vectors 
are with mean [0.5 0.4].  

The elements of the individual vector are generated independently and 
hence the estimated covariance matrices are diagonal in nature. 

Estimated values of the GMM model after 10 Iterations are given below 
 
Mean vector 1 = [0.9124    0.7950] 
Mean vector 2 = [0.7125    0.6091] 
Mean vector 3 = [0.4994    0.3990] 
 
Covariance matrix 1 
                                      0.0045   -0.0001 
                                     -0.0001    0.0047 
 
Covariance matrix 2 
                                       0.0048   -0.0003 
                                      -0.0003    0.0048 
 
Covariance matrix 3 
                                        0.0055   -0.0005 
                                       -0.0005    0.0054 
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2.3 Matlab Program 
___________________________________________________________ 
 
gmmmodelgv.m 
 
%GMM MODEL  
cluster1=clustercol([0.9 0.8],100); 
cluster2=clustercol([0.7 0.6],100); 
cluster3=clustercol([0.5 0.4],150); 
clustertot=[cluster1 cluster2 cluster3]; 
%[p,q]=kmeans(clustertot',3);This may be used for initializing the means 
q(1,:)=[0.83 0.79]; 
q(2,:)=[0.76 0.74]; 
q(3,:)=[0.6 0.3]; 
 
%To Estimate  q ,cov1,cov2,cov3 
[p]=clusterno(clustertot,q); 
[m1,n1]=find(p==1); 
collect1=clustertot(:,n1); 
if(length(n1)~=0) 
cov1=cov(collect1'); 
else 
    cov1=diag([1 1]); 
end 
[m1,n1]=find(p==2); 
collect2=clustertot(:,n1); 
cov2=cov(collect2'); 
if(length(n1)~=0) 
cov2=cov(collect2'); 
else 
    cov2=diag([1 1]); 
end 
[m1,n1]=find(p==3); 
collect3=clustertot(:,n1); 
cov3=cov(collect3'); 
if(length(n1)~=0) 
cov3=cov(collect3'); 
else 
    cov3=diag([1 1]); 
end 
plot(collect1(1,:),collect1(2,:),'r*') 
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hold on 
plot(collect2(1,:),collect2(2,:),'g*') 
hold on 
plot(collect3(1,:),collect3(2,:),'b*') 
hold on 
pause(0.3) 
w1=length(find(p==1))/length(p); 
w2=length(find(p==2))/length(p); 
w3=length(find(p==3))/length(p); 
for j=1:1:10 
pw1x=[]; 
pw2x=[]; 
pw3x=[]; 
for i=1:1:length(clustertot) 
pw1x=[pw1x (w1*pxw(clustertot(:,i),q(1,:),cov1))/... 
    (w1*pxw(clustertot(:,i),q(1,:),cov1)+... 
     w2*pxw(clustertot(:,i),q(2,:),cov2)+... 
     w3*pxw(clustertot(:,i),q(3,:),cov3))]; 
pw2x=[pw2x (w2*pxw(clustertot(:,i),q(2,:),cov2))/... 
    (w1*pxw(clustertot(:,i),q(1,:),cov1)+... 
     w2*pxw(clustertot(:,i),q(2,:),cov2)+... 
     w3*pxw(clustertot(:,i),q(3,:),cov3))]; 
pw3x=[pw3x (w3*pxw(clustertot(:,i),q(3,:),cov3))/... 
    (w1*pxw(clustertot(:,i),q(1,:),cov1)+... 
     w2*pxw(clustertot(:,i),q(2,:),cov2)+... 
     w3*pxw(clustertot(:,i),q(3,:),cov3))]; 
end 
q(1,1)=sum(pw1x.*clustertot(1,:))/sum(pw1x); 
q(1,2)=sum(pw1x.*clustertot(2,:))/sum(pw1x); 
q(2,1)=sum(pw2x.*clustertot(1,:))/sum(pw2x); 
q(2,2)=sum(pw2x.*clustertot(2,:))/sum(pw2x); 
q(3,1)=sum(pw3x.*clustertot(1,:))/sum(pw3x); 
q(3,2)=sum(pw3x.*clustertot(2,:))/sum(pw3x); 
cov1(1,1)=sum(pw1x.*[(clustertot(1,:)-q(1,1)).*... 
    (clustertot(1,:)-q(1,1))])/sum(pw1x); 
cov1(1,2)=sum(pw1x.*[(clustertot(1,:)-q(1,1)).*... 
    (clustertot(2,:)-q(1,2))])/sum(pw1x); 
cov1(2,1)=sum(pw1x.*[(clustertot(2,:)-q(1,2)).*... 
    (clustertot(1,:)-q(1,1))])/sum(pw1x); 
cov1(2,2)=sum(pw1x.*[(clustertot(2,:)-q(1,2)).*... 
    (clustertot(2,:)-q(1,2))])/sum(pw1x); 
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cov2(1,1)=sum(pw2x.*[(clustertot(1,:)-q(2,1)).*... 
    (clustertot(1,:)-q(2,1))])/sum(pw2x); 
cov2(1,2)=sum(pw2x.*[(clustertot(1,:)-q(2,1)).*... 
    (clustertot(2,:)-q(2,2))])/sum(pw2x); 
cov2(2,1)=sum(pw2x.*[(clustertot(2,:)-q(2,2)).*... 
    (clustertot(1,:)-q(2,1))])/sum(pw2x); 
cov2(2,2)=sum(pw2x.*[(clustertot(2,:)-q(2,2)).*... 
    (clustertot(2,:)-q(2,2))])/sum(pw2x); 
 
cov3(1,1)=sum(pw3x.*[(clustertot(1,:)-q(3,1)).*... 
    (clustertot(1,:)-q(3,1))])/sum(pw3x); 
cov3(1,2)=sum(pw3x.*[(clustertot(1,:)-q(3,1)).*... 
    (clustertot(2,:)-q(3,2))])/sum(pw3x); 
cov3(2,1)=sum(pw3x.*[(clustertot(2,:)-q(3,2)).*... 
    (clustertot(1,:)-q(3,1))])/sum(pw3x); 
cov3(2,2)=sum(pw3x.*[(clustertot(2,:)-q(3,2)).*... 
    (clustertot(2,:)-q(3,2))])/sum(pw3x); 
 
[p]=clusterno(clustertot,q); 
w1=length(find(p==1))/length(p); 
w2=length(find(p==2))/length(p); 
w3=length(find(p==3))/length(p); 
[m1,n1]=find(p==1); 
collect1=clustertot(:,n1); 
[m1,n1]=find(p==2); 
collect2=clustertot(:,n1); 
[m1,n1]=find(p==3); 
collect3=clustertot(:,n1); 
close all 
plot(collect1(1,:),collect1(2,:),'r*') 
hold on 
plot(q(1,1),q(1,2),'co') 
plot(collect2(1,:),collect2(2,:),'g*') 
plot(q(2,1),q(2,2),'mo') 
plot(collect3(1,:),collect3(2,:),'b*') 
plot(q(3,1),q(3,2),'yo') 
pause(0.3) 
totcol1{j}=collect1; 
totcol2{j}=collect2; 
totcol3{j}=collect3; 
qcol{j}=q; 
end 
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___________________________________________________________ 
 
clustercol.m 
 
function [res] =clustercol(pos,N) 
x1=rand(1,N)/4-(0.25)/2; 
y1=rand(1,N)/4-(0.25)/2; 
res=[x1+pos(1);y1+pos(2)]; 
_______________________________________________________________________ 
clusterno.m 
 
function [q]=clusterno(clustertot,q) 
d1=(clustertot'-repmat(q(1,:),length(clustertot),1)).^2; 
d1=sum(d1'); 
d2=(clustertot'-repmat(q(2,:),length(clustertot),1)).^2; 
d2=sum(d2'); 
d3=(clustertot'-repmat(q(3,:),length(clustertot),1)).^2; 
d3=sum(d3'); 
[p,q]=min([d1;d2;d3]); 
 
________________________________________________________________________ 

2.4 Program Illustration 
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3. K-MEANS ALGORITHM FOR PATTERN 
RECOGNITION 

If the groups of n-dimensional vectors are given, there is the need to classify 
the vectors into ‘k’ category. The centroid vectors of each group are used to 
represent the identity for ‘k’ category. (i.e) If the new vector is to be 
classified among the ‘k’ category, the distance between the new vector with 
all the centroids are computed. The centroid corresponding to the smallest 
distance is treated as the identified group. The centroids of all the groups are 
obtained using K-means algorithm as described below. 

Consider the set of normalized marks (i.e. the mark ranges from 0 to 1) 
scored by the 100 students in the class for particular subject. Each mark is 
treated as the vector with one-dimensional. There is the need to classify the 
collected marks into 6 groups for allocating 6 grades. This is done using k-
means algorithm as described below. 

3.1 K-means Algorithm 

3.2 Example 

The particular sets of marks (data) are subjected to k-means algorithm Final 
clusters along with clusters obtained at every iteration are displayed below. 
Note that after 6th iteration, clusters are not changed.  

 
 
 
 
 
 

Step 1:  Initialize the 6 centroids randomly corresponding to 6 grades . 
Step 2:  Classify the marks and identify the grade for the individual marks 

using the initialized 6 centroids as described in the section 3. 
Step 3:  Find the mean of the marks collected in the particular grade say ‘1’. 

This is treated as the centroid corresponding to the grade 1 used for 
the next iteration. This process is repeated to compute the new sets 
of centroids corresponding to the individual grade. 

Step 4:  Go to step 2. 
Step 5:  The process involved from Step 2 to Step 4 is considered as the one 

iteration and this process is repeated for finite number of iterations to 
obtain the final centroids corresponding to each grades. 
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 Figure 2-2.  Illustration of K-Means Algorithm 

Figure 2-3.  Data along with the final  centroids obtained by k-means algorithm 

In the above-mentioned example, the data ranges from 0.0067 to 0.9925 
and the six centroids obtained in the 10th  iteration are displayed below. 
0.0743    0.2401    0.4364    0.6115    0.7763    0.9603 (see the Figure 2-3). 

3.3 Matlab Program for the K-means Algorithm 
Applied for the Example given in Section 3.2 

kmeansgv.m 
________________________________________________________________________ 
 
a=rand(1,100); 
plot(a,zeros(1,100),'*');    
b=rand(1,6); 
for iter=1:1:10 
hold off 
M=[(a-b(1)).^2;(a-b(2)).^2;(a-b(3)).^2;(a-b(4)).^2;(a-b(5)).^2;(a-b(6)).^2;]; 
[P,CLUSTERNO]=min(M); 
u=['r','g','b','c','m','y'];   
figure 
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for i=1:1:6 
[x,y]=find(CLUSTERNO==i); 
col=[]; 
for k=1:1:length(x) 
col=  [col a(x(k),y(k))];   
end 
plot(col,zeros(1,length(col)),strcat(u(i),'*')) 
hold on 
b(i)=mean(col); 
end 
pause(0.01) 
end 
 
________________________________________________________________________ 

4. FUZZY K-MEANS ALGORITHM FOR PATTERN 
RECOGNITION 

Consider the problem described in the section 3 for classifying the 
normalized marks into 6 clusters for the assignment of grades.                       
In fuzzy k-means technique, fuzzy set theory is used to obtain the optimal 
values of the centroid. 

In this technique the particular vector (In this problem it is the 
normalized mark scored by the student) belongs to all the 6 clusters with 
different membership values. For instant the vector 0.3 belongs to the 
different clusters with different membership values as given below 

 
Cluster 1 = {0.3 (0.0001)}   
Cluster 2 = {0.3 (0.0448)}   
Cluster 3 = {0.3 (0.0022)}   
Cluster 4 = {0.3 (0.0031)}   
Cluster 5 = {0.3 (0.9492)}   
Cluster 6 = {0.3 (0.0007)}   
 
The numbers in bold letters are the corresponding membership values. 

(i.e.) 0.3 belongs to the cluster 1 with membership value 0.0001 and belongs 
to the cluster 2 with membership value 0.0448 and so on. Note that sum of 
the membership values is 1. 
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Consider the  vector x1 belongs to the cluster 1 whose centroid is c1, then 
(x1-c1)^2 must be minimized. But if the x1 belongs to cluster 1 with the 
membership value m1, then m1*(x1-c1)^2 has to be minimized. Similarly x1 
belongs to the cluster 2 whose centroid is c2. Also x1 belongs to the cluster 2 
with membership value m2. Thus the term m2*(x1-c2)^2 also has to be 
minimized.  

Thus the fuzzy k-means problem is treated as the optimization technique 
for obtaining the membership values along with the centroids of the 
individual clusters such that  

 
                  100    6 

Σ   Σ    M ik  2*  (xi-ck ) 
2 

is minimized  
                  i=1  k=1             

 
Mij is membership value of the vector xi belongs in the cluster k. Xi is the 

ith vector. ck is the kth centroid. 
The algorithm for obtaining the centroids along with membership values 

is displayed below. 

4.1 Fuzzy K-means Algorithm 

 
M11   = 1/   [((vector 1-c1)2  / (vector1 –c1)2)2  +   
                ((vector 1-c1)2  / (vector1 –c22)2     + 
                ((vector 1-c1)2  / (vector1 –c32)2     + 
                ((vector 1-c1)2  / (vector1 –c42)2     + 
                ((vector 1-c1)2  / (vector1 –c52)2     + 
                ((vector 1-c1)2  / (vector1 –c62)2  ]    
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Step 1: Intialize the membership values (Mij) randomly. 
Step 2:  Compute the centroids of the 6 clusters.  

C1=[Vector1* (the member ship value of the vector 1 belongs to the 
cluster 1)2 (i.e.) M11 

2 + Vector2* (the member ship value of the vector 2 
belongs to the cluster 1)2 (i.e.) M12 

2  +… Vector100* (the member ship 
value of the vector 100 belongs to the cluster 1)2 (i.e.) M1,100 

2]/ 
Sum of the squared values of the membership values belonging to the 

cluster 1. 
Similarly the centroids C2, C3, C4, C5 and C6 are obtained. 

Step 3: Update the membership values M using the current values of the 6 
centroids as given below. 
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M45   = 1/   [((vector 4-c5)2  / (vector4 –c1)2)2  +   
                ((vector 4-c5)2  / (vector4–c22)2     + 
                ((vector 4-c5)2  / (vector4 –c32)2     + 
                ((vector 4-c5)2  / (vector4 –c42)2     + 
                ((vector 4-c5)2  / (vector4 –c52)2     + 
                ((vector 4-c5)2  / (vector4 –c62)2  ]    

 Similarly other membership values are computed. 
 

4.2 Example 

The particular sets of marks (data) are subjected to Fuzzy k-means 
algorithm. Final clusters along with clusters obtained at every iteration are 
displayed below.  

Figure 2-4. Illustration of Fuzzy K-means algorithm 

Step 4:  Compute the sum of the squared difference between the previous 
membership value and the current membership value. If the computed 
value is not less than the threshold value go to step 2 to compute the 
next set of centroids and followed by next set of membership values. If 
the threshold value is less than the threshold value, stop the iteration. 
Thus the centroids are obtained using fuzzy k-means algorithm. Using 
the computed centroids, clustering can be obtained as described in the 
section 3. 
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 Figure 2-5. Data and the final centroids obtained using Fuzzy k-means algorithm 

 
 

 
 In the above mentioned example data ranges from 0.0099 to 0.9883. 

The final centroids obtained after 10 iteration using fuzzy k-means 
algorithm is displayed below 0.0313    0.2188    0.3927    0.5317    0.6977    
0.8850 (see figure 2-5). Also the graph between the sum of the squared 
difference between the previous membership value and the current 
membership value (vs.) Iteration number is displayed below. 

 

 

 

 

 

 

 

 

 

 
Figure 2-6. Illustration of change in the membership value in every iteration 
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4.3 Matlab Program for the Fuzzy k-means Algorithm 
Applied for the Example given in the Section 4-2 

___________________________________________________________ 
fuzzykmeansgv.m 
 
%Fuzzy k-means algorithm 
a=rand(1,100); 
s=[]; 
fm=[]; 
for i=1:1:100 
    r=rand(1,6); 
    r=r/sum(r); 
fm=[fm;r]; 
end 
%Computation of centroids using fuzzy membership 
 
for l=1:1:10 
for i=1:1:6 
    cen{i}=sum((fm(:,i).^2).*a')/sum(fm(:,i).^2); 
end 
%Updating fuzzy membership value (fm) 
fm1=[]; 
for p=1:1:6 
    for q=1:1:100 
        temp=0;         
        for r=1:1:6 
        temp =temp+(((a(q)-cen{p})^2)/((a(q)-(cen{r}))^2))^2; 
        end 
        fm1(q,p)=1/temp; 
    end 
end    
s=[s sum(sum((fm-fm1).^2))]; 
fm=fm1; 
b=cell2mat(cen); 
M=[(a-b(1)).^2;(a-b(2)).^2;(a-b(3)).^2;(a-b(4)).^2;(a-b(5)).^2;(a-b(6)).^2;]; 
[P,CLUSTERNO]=min(M); 
u=['r','g','b','c','m','y'];   
figure 
for i=1:1:6 
[x,y]=find(CLUSTERNO==i); 
col=[]; 
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for k=1:1:length(x) 
col=  [col a(x(k),y(k))];   
end 
plot(col,zeros(1,length(col)),strcat(u(i),'*')) 
hold on 
end 
pause(0.01) 
end 
figure 
plot(s) 
xlabel('Iteration') 
ylabel('Change in the membership values 

5. MEAN AND VARIANCE NORMALIZATION 

Suppose in the speech recognition system the two speech signals 
corresponding to the same word are to be compared. Two signals are not 
recorded exactly with the same volume (i.e.) the two signals are not with the 
same energy. Thus before extracting features from the speech signals, there 
is the need to normalize the speech signal in terms of mean and variance so 
that two speech signals are made recorded with the same volume. 

Mean and variance normalization of the signal is obtained as described 
below. Consider the speech signal ‘A(t)’ with mean ‘md’ and variance ‘vd’ 
and speech signal ‘B(t)’ with mean m and variance ‘v’. The requirement is to 
normalize the speech signal B(t) so that the mean and variance are changed 
to the desired mean ‘md’ and desired variance ‘vd’ respectively. The 
procedure for the mean and variance normalization is given below. 

5.1 Algorithm 

 
 Let Δi be the value calculated for the  ith sample of the signal ‘A’ 

(original signal) and is computed as described below. 

Chapter 2

Step 1: Create the vector completely filled up desired mean ‘md’. Number of 
elements of the vector is equal to the number of samples in the 
speech signal. 

Step 2: Each and every element of the vector is added with +Δ or -Δ. If the 
sample value in the original vector is greater than mean ‘m’, add +Δ 
to the corresponding sample in the vector created. Otherwise the 
value is added with ‘-Δ’. The value of the ‘Δ’ is computed using the 
sample value, mean ‘m’, variance ‘v’ of the signal ‘A (t)’ and the 
desired variance ‘vd’ . 

___________________________________________________________ 



2. Probability and Random Process 85
 

The value A (i) is deviated from ‘m’ with (A (i)-m) when the standard 
deviation of the signal is v(1/2), then the deviation of the signal from the 
desired mean ‘md’ with  the standard deviation of the signal vd

(1/2) is given by  
 

Δi  =(vd  /v)(1/2)*(A(i)-m) 

5.2 Example 1 

Consider the speech signal A(t) with mean=0.0062 and variance=0.0057 
which is kept as the reference signal. Consider speech signal  
B(t) corresponding to the same word with mean=0.0061 and 
variance=0.0094. The speech signal B(t) is subjected to mean and variance 
normalization as described above to obtain B(t) with desired mean and 
variance as shown in the figure below. 

Figure 2-7. Illustration of Mean and Variance Normalization of the speech signal 
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Note that the signal at the top and the bottom of the figure 2-7 are  almost 
identical. This preprocessing stage is normally used before extracting 
features from the signal for pattern recognition. 

5.3 M-program for Mean and Variance Normalization 

________________________________________________________ 
meanvarnormgv.m 
 
%a is the speech signal to be modified 
%b is the reference signal with desired mean and variance. 
% res is the normalilzed version of signal ‘a’ with desired mean and variance 

      m=mean(a); 
v=sqrt(var(a)); 
md=mean(b); 
vd=sqrt(var(b)); 
delta=abs((a-m)*vd/v); 
res=ones(1,length(a))*md; 
[p]=quantiz(a,m); 
p=p';  p=p*2-1; 
res=res+p.*delta; 
________________________________________________________________________ 
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